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Abstract. In this paper we have discussed a boundary
value problem involving Caputo nonlinear fractional
integro-differential equations of order 0 < a < 1
and 0 < B < 1 with boundary conditions of the form
x(0) = x(1) = 0. We have proved some new existence
and uniqueness results by using the fixed point theory.
In particular, we have used the Banach contraction
mapping principle and Krasnoselskii’s fixed point
theorem under some weak conditions. The results
proved are supported by means of a couple of examples.
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1. INTRODUCTION:

After the wide and successful applicability of
the theory of differential equations in the fields of
Applied Mathematics, Mathematical Physics, Chemical
Sciences, Biological Sciences, Engineering and
Technology, etc., the theory of fractional calculus has
attracted the attention of many researchers because of the
applicability of the derivatives and integrals of the
fractional order with the corresponding initial and
boundary conditions. Besides all the fields of sciences
and technology as mentioned earlier, the theory of
fractional calculus is being applied to Fluid Dynamics,
Electromagnetism, Viscoelasticity, the Analysis of the
Feedback Amplifiers and Capacitors, etc. In last few
decades, many of the researchers have pointed out that
the fractional order differentials and integrals are of
special importance in order to describe the viscoelastic
properties of the real materials like polymers. In this
paper, we have considered the existence and uniqueness
of solutions for the following problem:

D*DAx(t) = f(t, x(t), px(1), Yx (1)), te[0,1] . . . (1)
x(0)=x(1)=0

where 0<a < 1,0<p < 1, D% DF, are the
Caputo fractional derivatives of order «, 3,
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f:[0,1] x R® — R isa continuous function, and

t

<;bx(t)=j/1(t,s)x(s)ds Coe (2)
0

t

Yx(t) = j o(t,s)x(s)ds . . . 3
0
where 4, §:[0,1]%[0, 1]-[0,40) with

<o .. . ®

f t/l(t, s)ds
0

¢ = Suprejo1)

ftS(t, s)ds
0

Y* = Suprefoq <o . . . (5

Before proving the existence of the solution to the
boundary value problem (1-5), we will take a review of
the basic definitions and the notions required for the
understanding of these results in the next section.

2. AREVIEW OF PRELIMINARY CONCEPTS AND
RESULTS

Leibnitz discussed the fractional derivative of
order 1.5 in his notes to L’Hospital back in the year
1695. Joseph Fourier in 1822 gave an expression for a
fractional order derivative[1] obtained from the Fourier
integral representation of a function in the form

d* L[ (
SO [ @i [ pcos|pe -

—00

+uz_7r] dp

The first major study of fractional calculus was made by
Liouville in 1833 who gave two definitions of fractional
order derivatives as follows. The arbitrary
derivative D Vof order v of a function f(x) having
power series expansion


mailto:Kamblerajratna2@gmail.com
mailto:pramodrkul@gmail.com

n=0

Re(a,) >0

is given by

"IFGl =i wvetn

n=0

Because of the restrictions on the function f(x),
Liouville [2] gave his second definition involving the
gamma function in the form

o0

vpma - D
]

a+V 1 —Xu du

" I'(a)

v
EDTEED s
The second definition given by Liouville is too narrow
as it applies only to the functions of the form f(x) =
x~% a > 0. Using the generalization of the Taylor
series expansion of a function, Bernhard Riemann[2]
defined the fractional derivative of order v as

1 X
D) = o5 f (= V() dt +p(x)

where Riemann added a complementary function y(x)
as the lower limit of the integration ¢ was unclear. The
difficulty in the applicability of the Riemann’s
definition was pointed out by A. Cayley since it was
unclear what will be the meaning of the
complementary function ¥ (x) if ¥(x) has an infinite
arbitrary constants.

As a modern approach towards defining the
fractional order derivative, we use the Riemann-
Liouville definition of the fractional order derivative of
a function f(t) defined on the closed interval [a, t] and
having the (m + 1)th continuous derivative
£+ (t). The Riemann-Liouville derivative [2, 3, 4,
5] of fractional order « is given by

(m+1)

Df [f(®] = qemD f(t — 0)M=P) £(7) dt

where m <p <m+ 1. The initial value problem
involving Riemann-Liouville fractional derivative are
practically not wuseful as there is no physical
interpretation of such types of initial conditions.

The general approach suggested by M. Caputo
is useful for the formulation of initial value problems
involving the fractional differential and integral
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equations. Caputo’s definition [2] of the derivative of
fractional order « is given by

AR

DO = re = | e

I'la -

It is clear that as @ — n, the the Caputo’s definition
becomes the conventional definition of the nth order
f™(t). The main advantage of Caputo’s definition
is that the initial conditions for the fractional differential
equations with Caputo derivatives take on the same form
as the integer order differential equations. We make a
slight change in the notation for Caputo fractional
derivative and define the Caputo derivative of order
a > 0 with the lower limit zero for a function f as

DO = s | - O dr

where n is a positive integer, 0 < n -1 < a <n
andt > 0. The fractional integral of order @« > 0 with
the lower limit zero for a function f is defined as

) = i [ €= 0@

In [6], by the application of Krasnoselskii Fixed point
theorem, Agarwal et al. have proved the existence of at
least one solution to the initial value problem of
fractional neural functional differential equation given

by

Dg [x(t) - f(t! xt)] = f(t! xt)'

xt0:¢

t € (tg,0),to =0

where D& is the Caputo fractional derivative of order «,
0 < a < 1, fand g are functions defined on [t,, 1) %
C([-r,0], R™) > R", ¢ € C([-7,0], R™), a > 0.
In [7], Fang Li has proved the existence and uniqueness
of mild solutions in a Banach space X for the fractional
differential equation of the form

W [x(©)] = —Ax(t) + f(t,x(t), Gx(1)),
€ [0,T]
under the conditions
x(0) + g(x) = x, 0<q<1, T >0

where it is assumed that —A generates an analytic semi-
group {s;}:so Of uniformly bounded linear operators on
the space X, the operator Gx(t) s
defined by



t
Gx(t) = J- k(t,s) x(s) ds
0

where K is a positive function defined on the set D =
{( s)€R2:0<s<t<T} and
t

G*= sup k(t,s) ds <
tefo, T]

Ahmad et al.[8, 9], have obtained the solutions of the
integrodifferential equations with non-local four point
and strip multipoint boundary conditions. Wang et al. in
[10] have established the conditions for the uniqueness
and existence of the positive solutions of the fractional
integrodifferential equation

Dou(t) + f(t,u(®), Tu(t),Su(®)) =0, 0<t<1
under the boundary conditions given by

u(0) = up, u'(0) = by, ..., u™3(0)
= by_3,u""2(0) = by_,,u™1(0)
= bn—l

where n—1<a<n 0<u<n-1n2=3,
bi >0@(=1,2,..,n—-3,n-2n-1), D¢
being the Caputo fractional derivative of order «, f is a
continuous function from [0, 1] X R3 +R3 - R,, T
and S are defined by

(Tx)(t) = fK(t, s)x(s)ds, (Sx)(t)
0
1
= JH(t, s) x(s) ds
0

t

K* = sup fK(t,s) ds,

tefo, 1
o, 11

t

sup fH(t, s) ds
]

tefo, 1
0

H*

where K € C(D, R*), H € €([0,1] x [0,1], R™).

Many  more  others like Hilal et al
[11, 12] also have obtained the results stating the
existence and uniqueness of the solutions of the
fractional integro-differential equations under different
boundary conditions. In [13], A. Bragdi et al. obtained
the  solution of the BVP given by

D*(DF)u(t) = f(t,ut), pu(t), pu(t))

under the boundary conditions given by
u() =u(0) = u'() =0

where it is assumed that 1 < a < 2, 0 < f < 1,
f:I xR >R, I=1]0 1], the function f is
continuous and

P)(t) = f Y&, )us) ds, Y
0

= f/l(t,s)u(s) ds

0

1 1
supj/l(t, s) ds < oo, supjy(t, s) ds < o
0 0
where v,A:IxI - [0,1)

In [14], lbnelazyz L et al. have explored the existence
and uniqueness for a nonlinear fractional integro-
differential equations with integral and anti-periodic
boundary conditions where the existence is proved by
means of Krasnoselskii’s fixed point theorem and the
uniqueness of solutions is established via the Banach’s
contraction principle. In[15], M. J. Mardanov et al. have
obtained the unique solution for the BVP

DS x() = f(t,x(0), ¢ x(t), 3 x(t)), ¢t € [0,T]

under the boundary conditions described by

T

Ax(0) = Jn(t)x(t)dt =C

0

where 0 < @ < 1, D+ is the Caputo fractional
derivative of order a,A € R™™, n(t) is a function
[0,T] —» R™". The other terms are defined by

T
N=A+ J n(t)dt, det(N) #0
0

P(x)(8) = fl(t.S)x(S)ds. Y (@)
0
T

= f y(t,s)x(s)ds

0

where

#,2:[0,T] x [0,T] > R™™,
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fu() = max ||/.l(t,$)||,/10 = max ||,u(t,s)||,
t,s € [0,T]

3. MAIN RESULTS

In this section we will prove the existence of
the solution of the initial value problem (1-5). First we
mention some of the important results required.

Theorem 1. [16] Let Q be a closed, convex, and
bounded nonempty subset of a Banach space X. Let A

and B be two operators such  that
Q) Ax + By €Q whenever X,y €Q
(i) A is compact and continuous
(iii) B is a contraction mapping

Then, there exists z € Qsuchthatz = Az + Bz.

Theorem 2. [3] Let «,f8 = 0.Then the following
relation hold
[aeh — rg+1) pa+p
'a+p+1)

Theorem 3. [3] Let n be a positive integerand n — 1 <
a < n. If fisa continuous function then we have

I1¥DY[f ()] = f(t) + ap + a,t + ayt? + -

+a,_t"?

Theorem 4. Let f € C([0,1],R) then the unique
solution to the initial value Problem

DDEx(t) = f(t),  te[0,1]
x(0)=x(1)=0

is given by

¢
t — 1) E-1f(1)dr

1
x(t)zr(aﬂf)fo(

F(a+,8)j (1 =1)B1 f(D)dr

Proof: By applying theorem 3, we have
DAx(t) = I*f(t) + a,
x(t) =1 PF(t) + 1Pay + a4
where a,, a; € R.

Hence
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x(t) =

e | -
B

t
M)

and by using the condition x(0) = 0, we obtaina, =0
and by using x(1) = 0 we get

@+t .
ao__F(a—-l—B)IO (1—5) B 1f(’[)d’[

By substituting the value of a,, we get

— 1 te, a+f-1 _ _
)P £(7)dr.
The converse can be easily verified by direct
computations. [

Theorem 5. (Main Result: Existence of the Solution)

Let X be the Banach space of all continuous function
from [0, 1] — R induced with the norm

Iyl = supeepo,11{ly(©)1:t € [0,1] and [lyll, =
®
SUPtelo,1] (3;7)

where u > (1 +¢"+yYH)(a+ ﬁ))llall,a €
C([0,1]; [0, )).

Suppose that

1. |f(t,x1,x2 ;x3,) - f(t.}ﬁ'yz !y3,)|

S o@®)Uxy —yil + 1x2 — ol + x5 — y3D)

forall t € [0,1] andxy,x;,x3Y1,Y2,Ys €R.
2.|f(t,x,y,2)| < k(t)
v (t,x,y,2z) €[0,1] x R®, ke C([0,1];R")

Then the initial value problem (1-5) has at least one
solution.

Proof: Consider an e-sphere B, = {y € X:|lyll, < €}
with

6>|Ikll(e”—1) 1
T~ u \I'(la+p)) T@+p)

We define two operators A and B on B, by the
relations



1
Ayy = ———
O T

ft(t — D) (7, x(0), ¢x (1), Yx () de
0

tB
By = ————— x
y(©) F(a + [g)

1
[ = 0w s (rx @, gx,x(@) de
0
Forx,y € B, ,we have

[4xoll,
1

< SUPtefo,1] ont

1
I'la +pB)

X f (t =D (7, x(x), px (1), Yx(7)) dt
0

1

< SuptE[OI eut r(a +ﬁ)

j (t — D1 |k(D)|de

1 1
< SUPtefo,1] Fr(a ) X

f (t — 1)*h- 1|k(r)|—dr

1kl

Vett T(a + ,3)[ (£ =) P etdr

< SUPtefo,1] ~f
1 Akl (F

TR ut g
et T(a+pB) Oe t

< SUPtefo,1]
1 ”k”u ettt —1
eMT(a+p) 4

1 ”k”u et —1
F(a+ﬁ) ekt

< SUPtefo,1]

< SUPtefo,1]
1kl
“ul(a+p)

Also, we have

1Byl
tB
" T(a+p)

X f 1 —)**F1f (7, x (1), px(1), Yx(7)) dr

1
< SUPtefoa] oHt

tB

I'(a +B)

X J. 1 —)**F1f(7,x (1), px (1), Px(7))dr
0

1
< SUPtefo,1] oit

1 ! +p-1 ekt
- - — at+B- bl
< SUPiefo] eH T (a + ﬁ’)J; (1-17) k(1) i dt

_ LWkl (% pyasstgneg
< supte[o.llﬁﬂa—m 0 a-n o
1kl [t
< supte[o,llmm 0 e
1 lkll, e -1
< SUPtefo] eMT(a+p) u
Ikl et —1
=4 T@+p)
Therefore
A B ||k||u e -1 .
145 + Bewll,, < u [r(“ P T +’8)]

This proves that xA + yB € B,.

Now we prove that A is a contraction mapping. For
X,y € B, we have

”Ay(t) - Ax(t) ”u

1 t
< - t— a+p-1
< SuPr(a+B)e#fjo( 7)

X |f (2, y(@), py (@), ¥y (D))
— £ (0,x(@), $x(@), Yx(®))|d

1 t
< - t— a+p-1
< SuPF(a +B)e”tjo( T)

x o[y —x@| + ¢y (7) — px ()]
+ 1Yy (0) —yx ()] dr

lloll
< SUPtefo,1] Wfo eHt [IIy - X||u
+¢*lly — xll, + ¥*lly — x|l ]Jdr

(1+¢"+9)llall e -1 il
I'(a+p) ekt Y

—xll,.]

< SUPtefo,1]



A+¢"+y¥)lall
I'(a +B)

From the definition of the new norm, we conclude that
A is acontraction mapping. Moreover, the continuity of
the function f implies that B is compact and continuous.
Also B is uniformly bounded on B, since

< SUPtefo,1] [”y - xllu]

klly e*—1
”By(t)”# S u T@+p)

Suppose that 0 < t; < t, < 1. Then we have

|By(t2) = By(e|
|t.f —t.F]
T~ I'(a+p)

x f (1 — D1 (z,x(1), $x(0), (D)) dr
0

As t,; — t, independently, we conclude that
|By(t,) — By(eyy| = 0since y € B..

This shows that the operator B is relatively Compact on
B.. Thus, by the Arzela Ascoli theorem[17], we
conclude that B is compact on B.. By the Krasnoselskii
fixed point theorem[17, 18], it follows that the initial
value problem (1-5) has at least one solution on B..

Theorem 6. (Main Result: Uniqueness of the
Solution)

Suppose that f:[0,1]x R®* > R is a continuous
function satisfying

lf(tx, 2, %3) = f(t, v, 92, 73)|

< o@®)Uxy =yl + 12z = y2 + |x3 — y3)
vtelo1], X1,X3,X3Y1,Y2,¥3 €R,
o(t) € (L1[0,1]; [0,))

Then there exists a unique solution for the problem (1-
5) for

r <1, =214+ ¢*+¢Y*)o

frarpl
where
of = fla(t)dt

0

Proof. Define an operator A on X by
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Alx(t)]
1

ZF(a+B)

X J-t(t — )P (1, x(2), px (1), Yx(T))dT
0 "
" T(a+p)

X J.l(l — 1)1 f(7,x(7), px(x), Px (7)) dr
0

Let us denote supg<;<;1f (¢, 0,0,0)| = fo,

and consider the sphere B, = {x € X:||x|| < r} where

2 _ 2fo
e e R =

Foreach t € [0,1]and x € B,, we have

lAlx (O]l
1

<
“TI(a+B)

X f (t =D f (7, x(7), px(2), Yx (D)) |dT
0 "

"Ta+p

xj (1 =) f (7, x(x), px(2), Yx(7))|dr
0

< 1

“T(a+p)

x [ = D (5 1@, pr(@92(@)
0

t
~ f@0.00)| +1f(x,0,00)}dr + Frs

X f A =D H|f (7. x(@), px(0), Yx(D)
0

- f(z,0,0,0)| + |f (,0,0,0)|}dr

< 1

STa@+p)

f t =D P Ho@Ux(@)] + x| + lihx]) — fo}dr
0

tﬁ
YCETD)

x f (1= D@B-1(() (x| + |l + [Wx]) + fo)de



A+¢" +P)lixll 1
< T(a + f) f o(t)dt

0 ‘ At B—
+—F(a+ﬁ)£(t—r) B-14r
A+ +y)lxll * fo
@+ p) L“(T)d”r(aw)
_ Qe+l
o
I'la +B)
__Jo ‘ — r)atB-1
+1"(0(+[)’)J;(t T) dt
(1+¢*+1P*)IIXIIU*+ fo
I'la +pB) I'(a + B)
_20 44"+ W)l L 2,
< o+
I'la +B) I'(a +B)

This indicates that ||A[x()]|| <.

Therefore,FA < B,. Now we show that A is a
contraction mapping,

For x,y € B,, we have

|[Ax(t) — Ay (t)|

t
(t — 7)e+h-1 |f(‘r, x(7), px(7), ll)x(r))
— (5 y (@), ¢py(@), Yy (1)) |dr

1
SF(“"‘ﬁ)J;)

f (t =D f (7, x(1), $x(2), Yx (1)
— f(t.y(@, by (@), Py(D)|dr

F(a+ﬁ)

<ty | - -y

+x (1) = py (D] + [Yx(7) — Yy()|}dr

T f (6= Do @ (Ix(@) — YD)

+lox(0) — py (D] + [yx(7)

< A+ +y)o|lx —yll
- I'la+B)

A+ " +yP)allx —yll
I'la+p)

—yYy(D)l}dr
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_204 ¢+ lx =yl
- I'a +B)

Since r; < 1, it follows that A is a contraction. This
proves that the system (1-5) has a unique solution.

4. ILLUSTRATIVE EXAMPLES

From theorems 5 and 6, we have proved the existence
and the uniqueness of the solutions to the initial value
problem (1-5). Now in this section, we will present here
a couple of examples that support our results.

Examplel. Consider the initial value problem

DI[DA]x(t)
3 |x(t)e™"|
T 400 (1 + [x(D]
t(t + 1)3|x(1)|[cos T + sinT]

fo 400[1 + |x(2)[]

. (6)

under the initial conditions x(0) =x(1) =0, t €
[0,1]
1 3
Here a =Z'ﬁ =Zand
ftx,y,2)
3 lx(®)]et |y()|cost |z(t)|sint
T400 (14 x(®)] 1+ y@®] 14 z(0)]
3 _(t+9)? _
A’(t! S) - 5(t1 S) - 400 )] O-(t) - 400:
K(t) = 3t3
© = 400
From the definitions of ¢* and ¥*, it can be easily
verified that
15 .1
¢ =¥ =T600" ° ~1600

Hence by existence theorem 5, we conclude that the
initial value problem (6) has at least one solution.

Example2. Consider the initial value problem
1 3
D3 (Dz) x(t)

t? 1 ¢
= —_ t4 3 d
200 [1 T@] T100), 0" *(®) T]

under the conditions x(0) = x(1) = 0, t € [0,1]



Here

a ! B = 3
4’ 4
Also,
t2
f6%9.2) = 355 | 75wy T PO+ 1200
t473 2
Alt,7) = 6(t, 1) = 200" o(t) = 200
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